hypergraphs and the 2-uniform hypergraphs (graphs) achieving equality γ(H) = ν(H) have been characterized. In this paper we generalize the inequality γ(H) ≤ (r − 1)ν(H) to arbitrary hypergraph of rank r and we completely characterize the extremal hypergraphs H of rank 3 achieving equality γ(H) = (r − 1)ν(H).
Introduction
Hypergraphs are a natural generalization of undirected graphs in which "edges" may consist of more than 2 vertices. More precisely, a (finite) hypergraph H = (V, E) consists of a (finite) set V and a collection E of non-empty subsets of V . The elements of V are called vertices and the elements of E are called hyperedges, or simply edges of the hypergraph. If there is a risk of confusion we will denote the vertex set and the edge set of a hypergraph H explicitly by V (H) * Research was partially supported by the National Nature Science Foundation of China (Nos. 11571222,
11471210)
† Corresponding authors. Email address: lykang@shu.edu.cn (L. Kang) and E(H), respectively. A hypergraph H = (V, E) is simple if no edge is contained in any other edge and |e| ≥ 2 for all e ∈ E. Throughout this paper, we only consider simple hypergraphs.
The rank of a hypergraph H is r(H) = max e∈E |e|. An r-edge in H is an edge of size r. The hypergraph H is said to be r-uniform if every edge of H is an r-edge. Every (simple) graph is a 2-uniform hypergraph. Thus graphs are special hypergraphs.
A matching in a hypergraph H is a set of disjoint hyperedges. The matching number, denoted by ν(H), of a hypergraph H is the size of a maximum matching in H.
A subset D of V (H) is called a dominating set of H if for every v ∈ V (H) \ D there exists
u ∈ D such that u and v lie in an hyperedge of H. The minimum cardinality of a dominating set of H is called its domination number, denoted by γ(H). Dominating sets are important objects in communication networks, as they represent parts from which the entire network can be reached directly. Messages can then be transmitted from sources to destinations via such a "backbone" with suitably chosen links. The literature on domination has been surveyed and detailed in [12, 13, 18] . Domination in hypergraphs was introduced by Acharya [1] and studied further in [2, 6, 14, 19] .
A subset T of vertices in a hypergraph H is a transversal (also called cover or hitting set in many papers) if T has a nonempty intersection with every edge of H. The transversal number, τ (H), of H is the minimum size of a transversal of H. Transversals in hypergraphs are extensively studied in the literature (see, for example, [4, 8, 9, 15, 16, 22] ).
By definition, it is easy to see that any transversal of a hypergraph H without isolated vertex is a dominating set of H and it must meet all edges of a maximum matching of H. Furthermore, note that the union of the edges of a maximal matching in H obviously forms a transversal.
Hence the transversal number of H is at most r times its matching number. We state these relationships among the transversal number, the domination number and the matching number in hypergraphs as an observation.
Arumugam et al. [5] investigated the hypergraphs satisfying γ(H) = τ (H), and proved that their recognition problem is NP-hard already on the class of linear hypergraphs of rank 3. A long-standing conjecture, known as Ryser's conjecture, asserts that τ (H) ≤ (k − 1)ν(H) for an k-partite hypergraph H (see, e.g. [3, 11] ). The conjecture turns to be notoriously difficult and remains open for k ≥ 4. The relationship between the parameters τ (H) and ν(H) in hypergraphs has also been studied in [7, 10, 17] .
In particular, if a hypergraph is 2-uniform, that is, it is a (simple) graph, then the following inequality chain is well-known.
We observed in [21] that the above inequality chain does not hold in hypergraphs and the difference γ(H) − ν(H) may be arbitrarily large for hypergraphs H with rank r ≥ 3. However, we can extend the inequality γ(G) ≤ ν(G) for graphs to uniform hypergraphs in [21] as follows:
for an r-uniform hypergraph H with no isolated vertex, γ(H) ≤ (r − 1)ν(H), and this bound is sharp. This paper further observes the the inequality still holds for arbitrary hypergraphs of rank r.
In general, a constructive characterization of extremal hypergraphs of rank r achieving equality in Theorem 1.2 seems difficult to obtain. For 2-uniform hypergraphs, i.e., graphs, Kano et al. [20] gave a complete characterization for extremal graphs with the equality by giving a characterization of star-uniform graphs and showing that a graph G is star-uniform if and only if
In Section 4, we will provide a complete characterization of extremal hypergraphs of rank 3 with equality γ(H) = (r − 1)ν(H).
Terminology and notation
Let us introduce more definitions and notations. Let H = (V (H), E(H)) be a hypergraph. Two vertices u and v are adjacent in H if there is an edge e ∈ E(H) such that u, v ∈ e. A vertex v and an edge e of H are incident if v ∈ e. The degree of a vertex v ∈ V (H), denoted by d H (v) or simply by d(v) if H is clear from the context, is the number of edges incident to v. A vertex of degree zero is called an isolated vertex. A vertex of degree k is called a degree-k vertex. Let r, n be integers, 1 ≤ r ≤ n. We define the r-uniform complete hypergraph on n vertices (or the r-complete hypergraph) to be a hypergraph, denoted K r n , consisting of all the r-subsets of a set of cardinality n.
A partial hypergraph H = (V , E ) of a hypergraph H = (V, E), denoted by H ⊆ H, is a hypergraph such that V ⊆ V and E ⊆ E. In the class of graphs, partial hypergraphs are called subgraphs. In particular, if V = V , H is called a spanning partial hypergraph of H. The 
Let M = {e 1 , e 2 , . . . , e l } be a maximum matching of H * . Then ν(H * ) = |M |. Let e i be the set of vertices obtained from e i by deleting the vertices of degree-1 in H * . We claim that
e i is a dominating set of H * . Indeed, for any vertex x ∈ V (H * )\D, H * has a hyperedge e containing x. By the maximality of M , e must intersect V (M ). This implies that e ∩ D = ∅.
Thus D is a dominating set of H * . Hence γ(H * ) ≤ |D| ≤ (r − 1)|M | = (r − 1)ν(H * ). On the other hand, note that every maximum matching of H * is a matching of H, so ν(H * ) ≤ ν(H).
Hypergraphs H of rank 3 with γ(H) = 2ν(H)
In this section we will give a complete constructive characterization of hypergraphs H of rank 3 satisfying γ(H) = 2ν(H).
The family H 3 of hypergraphs H of rank 3 with γ(H) = 2ν(H)
To complete the characterization, we construct a family H 3 of hypergraphs of rank 3 in which each hypergraph H satisfies γ(H) = 2ν(H).
Let A be a family of (2l + 1) × (2l + 1) upper-triangular matrices, where l, l ≥ 1, is an arbitrary integer, and for any A = (a ij ) ∈ A, a ij is an arbitrary positive integer when j > i and all elements on the main diagonal and elsewhere are zero. Let X = {x 1 , x 2 , . . . , x 2l+1 } and let X(A) = 1≤i<j≤2l+1 X ij , where
Finally, we define the family H 3 of hypergraphs of rank 3. For every
Furthermore, we define a hypergraph F, where For H = F or H ∈ H 3 , by the above construction, X − {x i } is a minimum dominating set of H for any x i ∈ X, and {x 1 , x 1 12 , x 2 }, {x 3 , x 1 34 , x 4 }, . . . , {x 2l−1 , x 1 (2l−1)2l , x 2l } is a maximum matching of H. So we immediately have the following proposition.
Furthermore, we have the following property. 
(ii) |X ∩ {x, y}| = 1 and |X| ≥ 5, (iii) |X ∩ {x, y}| = 1, |X| = 3 and x and y are adjacent, then there exists a maximum matching M of H such that x, y ∈ V (M ).
Proof. If H = F, clearly the assertion holds. So we may assume that H ∈ H 3 . We show the assertion by consider the conditions separately.
Suppose that x, y ∈ X(A). Without loss of generality, we may assume that x and x 1 are
}} is a maximum matching of H, where l = ν(H). If y ∈ V (M ), we are done. Otherwise, there exists an integer
Then M is a maximum matching of H satisfying x, y ∈ V (M ).
Suppose that |X ∩ {x, y}| = 1, and either |X| ≥ 5 or |X| = 3 and x and y are adjacent.
Without loss of generality, we may assume that x = x 1 . In this case, its proof is similar to the above proof, we can prove that the assertion is true.
Extremal hypergraphs of rank 3 achieving γ(H) = 2ν(H)
We define H 3 = {H | H has rank 3 and satsifies that γ(H) = 2ν(H)}.
The following lemma lists various basic properties on hypergraphs in H 3 . Lemma 4.3. For every hypergraph H ∈ H 3 , there exists a spanning partial hypergraph H * of H satisfying the following properties.
(ii) H * is a 3-uniform hypergraph.
Every edge in H * contains exactly one degree-1 vertex.
Proof. As described in the proof of Theorem 1.2, there exists a spanning partial hypergraph H * (not necessarily connected) of H such that every edge of H * contains at least one degree-1 vertex. Let H * 1 , H * 2 , . . . , H * k be the connected components of H * . Next we show that H * is the spanning partial hypergraph satisfying the properties (i)-(iv).
As noted in the proof of Theorem 1.2, γ(H) ≤ γ(H * ) and ν(H * ) ≤ ν(H), and
and hence ν(H * ) = ν(H) and γ(H * ) = γ(H). Further it is obtained that γ(H * ) = 2ν(H * ) and r(H * ) = 3. Therefore, H * ∈ H 3 , and part (i) follows.
Next we show that H * is a 3-uniform hypergraph. Since r(H * ) = 3, suppose that there exists an edge e ∈ E(H * ) such that |e| = 2. Let M be a maximum matching of H * and U the set of The part (ii) follows.
Since each connected component H * i of H * is also a 3-uniform hypergraph, γ(H * i ) ≤ 2ν(H * i ) by Theorem 1.2. Hence by the equality γ(H * ) = 2ν(H * ), we have 
Combining this with γ(H
. By the maximality of M i , there exists an edge f ∈ M i such that f ∩ e = ∅. Since x is the unique vertex of degree at least 2 in e, x ∈ f ∩ e. Let f = {u, v, x}. As noted above, f contains exactly one degree-1 vertex. Without loss of generality, let
One sees that g = e, and either g ∩ f = {v}
for otherwise we obtain a matching (M i \ {f }) ∪ {g, e}, contradicting the maximality of M i . Proof. Let M i be a maximum matching of H * i and I the set of degree-1 vertices of Choose an arbitrary vertex v of Y 1 . We show that Y 1 \ {v} is a dominating set of H * i . Indeed,
contains exactly one degree-1 vertex, so x is the unique degree-1 vertex in e. It follows that
Therefore, Y 1 \ {v} is a dominating set of H * i , contradicting the fact that γ(H * i ) = |Y 1 |. Suppose that |Y \ Y 1 | ≥ 2. Let v 1 and v 2 be any two distinct vertices in Y \ Y 1 , and let e 1 and e 2 be two edges of H * i containing v 1 and v 2 , respectively. Clearly, e 1 , e 2 ∈ M i . Since M i is a maximum matching of H * i , e j ∩ Y 1 = ∅ for j = 1, 2. By Lemma 4.3, every edge in H * i contains exactly one degree-1 vertex, so e 1 = e 2 , v 1 ∈ e 2 and v 2 ∈ e 1 . By the maximality of M i , there exist two edges f 1 and f 2 in M i such that f 1 ∩ e 1 = ∅ and f 2 ∩ e 2 = ∅. Let w 1 ∈ f 1 ∩ e 1 and w 2 ∈ f 2 ∩ e 2 . By Lemma 4.3, each one of {e 1 , e 2 , f 1 , f 2 } has exactly one degree-1 vertex. Let e 1 = {u 1 , v 1 , w 1 }, e 2 = {u 2 , v 2 , w 2 }, f 1 = {x 1 , y 1 , w 1 }, and f 2 = {x 2 , y 2 , w 2 },
It is clear that both y 1 = w 2 and y 2 = w 1 , since otherwise M i ∪ {e 1 , e 2 } \ {f 1 } or M i ∪ {e 1 , e 2 } \ {f 2 } would be a matching of H * i , contradicting the maximality of M i . We claim that there exists an edge 
Since H ∈ H 3 , γ(H) = 2ν(H), and hence γ(
This completes the proof of the lemma. Lemma 4.6. For every H ∈ H 3 , let H * be the spanning partial hypergraph of H described in Lemma 4.3, H * 1 , H * 2 , . . . , H * k be all the connected components of H * , and let
Proof. By Lemma 4.4, the edge-contracting hypergraph G i of H * i is a complete graph on 2ν(H * i ) + 1 vertices, so
, where X i and X i (A) can be regarded as the sets corresponding to X and X(A), respectively, described in Subsection 3.1.
. Proof of Claim 3. Suppose, to the contrary, that there exists an edge e ∈ E(H i ) \ E(H * i ) such that |e ∩ X i | ≤ 1. We distinguish two cases.
|X i | = 3 and ν(H) = 1. So H i = F, a contradiction. So we may assume that |X i (A)| ≥ 5. By the construction of H * i , it is easy to see that there exists a maximum matching M i of H * i such that the three edges {x i 1 , x
Without loss of generality, let e = {x 1 , x
contradicts Lemma 4.5. Without loss of generality, we may assume that x 
γ(H i ) = 2ν(H i ), a contradiction. By Claim 1, we conclude that H ∈ H 3 .
As defined in Subsection 4.1, let A i ∈ A and, X i , X(A i ) and S i corresponding to A i are the set of vertices, for i = 1, 2, . . . , k. Write X = ∪ k i=1 X i and let
We define the family G 3 of 3-uniform hypergraphs as follows: For every H ∈ G 3 , H is defined as
We are now ready to give a constructive characterization of hypergraphs in H 3 . Proof. First, suppose that H ∈ G 3 . We show that H ∈ H 3 . By the construction of G 3 , H is a hypergraph of rank 3. It remains to show that γ(H) = 2ν(H). By the definition of H, we have
To obtain the required equality, it suffices to show that
. Let D be a minimum dominating set of H such that D contains vertices in X as many as possible. For partial hypergraph H i , by the construction of H 3 , there exists a degree-1 vertex x 1 isit in H i for any x is , x it ∈ X i . Because, by assumption, D contains vertices in X as many as possible, this implies that |D ∩ X i | ≥ |X i | − 1. On the other hand, by Proposition
4.1, we have γ(H
Similarly, let M be a maximum matching of H such that M contains the edges in ∪ k i=1 H i as many as possible. We claim that M ⊆ ∪ k i=1 H i . Suppose not, there exists an edge e ∈ (Z 1 ∪ Z 2 ) ∩ M.
Without loss of generality, assume e = {x m 1 , x m 2 , x n } ∈ Z 1 , where
Replacing edge e by the edge {x m 1 , x 1 m 1 m 2 , x m 2 } containing x m 1 and x m 2 in H m , we obtain a maximum matching M of H that contains more edges in 
To complete the proof of necessity, it suffices to show that H is obtained from ∪ k i=1 H i by adding some edges of Z 1 ∪ Z 2 . In other word, we show that e ∈ Z 1 ∪ Z 2 for each e ∈ E(H)
We claim that there exists an If u 3 ∈ X 2 , then e ∈ Z 1 , as desired. Otherwise, u 3 ∈ X 2 (A 2 ). We show that u 3 ∈ S 2 . Suppose not, let u 3 = x 1 s 1 s 2 . Then, for all x p s 1 s 2 ∈ X s 1 s 2 , we have d H 2 (x p s 1 s 2 ) ≥ 2, since H 2 ∈ H 3 ∪ F. Choose a vertex v i ∈ X i , 1 ≤ i ≤ k, i = 2. Then D = k i=1,i =2 (X i \ {v i }) ∪ (X 2 \ {x s 1 , x s 2 }) is a dominating set of H. As noted above, we would obtain that γ(H) ≤ 2ν(H) − 1, a contradiction.
Thus u 3 ∈ S 2 , and hence e ∈ Z 2 . The necessity follows. This completes the proof of Theorem 4.7.
